We obtain the pullback to the F-string worldsheet of the R⊗R gauge potential b R by considering a map which transforms the F-string superalgebra to the D-string superalgebra. In addition, it is shown that b R on the worldsheet is obtained by starting with a superalgebra, which is obtained by interchanging new fermionic generators, Z α andZ α , in the F-string superalgebra. Interchanging new fermionic generators, thus, corresponds to exchanging the NS⊗NS for the R⊗R gauge potential. Using the obtained expression for b R on the worldsheet, we examine the (p, q)-string action and show the κ-invariance of the action. The corresponding (p, q)-string superalgebra is obtained. 
Introduction
A manifestly supersymmetric formulation of the Green-Schwarz superstring, based on a superalgebra found by Green [2] , was given by Siegel [1] . The superalgebra is a generalization of super Poincaré algebra, and contains a new fermionic generator. Constructing a suitable set of supercurrents on the corresponding supergroup manifold, he wrote down the Wess-Zumino term of the Green-Schwarz superstring in a second-order expression of the supercurrents. Using this formulation, p-branes (p > 1), found in the brane scan [4] , were formulated by Bergshoeff and Sezgin [3] . Introducing a set of superalgebras, they wrote the Wess-Zumino terms for the p-branes, which are (p + 1)-th order in the supercurrents. Following the same line, IIA strings and IIB F/D-strings were formulated in [9] , using the IIA superalgebra and the F/D-string superalgebra, respectively.
In this paper, we consider (p, q)-strings using this formulation. We know that the pullback to the F(D)-string worldsheet of the NS⊗NS(R⊗R) gauge potential was obtained from the F(D)-string superalgebra. In order to construct (p, q)-strings, we need the pullback to the Fstring worldsheet of the R⊗R gauge potential (or the pullback to the D-string worldsheet of the NS⊗NS gauge potential). We obtain the pullback to the F-string worldsheet of the R⊗R gauge potential, in sec.3, in the following two ways: First, we consider a map which transforms the Dstring superalgebra to the F-string superalgebra. Using this map, we obtain the pullback to the F-string worldsheet of the R⊗R gauge potential explicitly. Second, we use a nontrivial feature of our formulation: interchanging new fermionic generators results in exchanging the R⊗R 2-form gauge potential for the NS⊗NS one. In fact, the pullback to the D-string worldsheet of the NS⊗NS gauge potential was obtained from an algebra which is obtained by interchanging new fermionic generators, Σ α andΣ α , in the D-string superalgebra [9] . From these observations, we expect that the pullback to the F-string worldsheet of the R⊗R gauge potential is obtained from an algebra which is obtained by interchanging new fermionic generators, Z α andZ α , in the F-string superalgebra. We then show that this is the case. Using the obtained b R , we consider the (p, q)-string action with the NS⊗NS and the R⊗R gauge potentials, and show the κ-invariance of the action, in sec.4. We present the (p, q)-string superalgebra, which describes the (p, q)-strings, in sec.5. The last section is devoted to a summary and discussions
F/D-strings
We first review the formulation of IIB F-strings [9] . The F-string superalgebra is generated by supertranslations and F-string charges T A = {Q A , Z A }, where Q A = (P a , Q α ,Q α ) and
The left-invariant supergroup vielbeins L M A and the pullback one-form L A are obtained by the left-invariant Maurer-Cartan one-form,
where Z M are coordinates on the supergroup manifold, and U is a supergroup element. Parametrizing the supergroup manifold by
we obtain the pullback left-invariant vielbeins of the supergroup manifold as follows:
Similarly, the right-invariant supergroup vielbeins R M A are obtained by the right-invariant
Maurer-Cartan one-form,
The rigid supersymmetry transformations are interpreted as being the part of an infinitesimal
The pullback left-invariant vielbeins (4)∼ (7) are invariant under the supersymmetry transformation, by definition.
The pullback to the F-string worldsheet of the NS⊗NS 2-form gauge potential is defined as a second-order expression in supercurrents,
This is identical, up to total derivative terms, to the conventional Wess-Zumino term,
We use the capital letter B as the supersymmetric form of the Wess-Zumino term b to avoid confusion.
In order to describe (p, q)-strings we need the pullback to the F-string worldsheet of the R⊗R 2-form gauge potential b R . We know the D-string superalgebra which describes b R on the D-string worldsheet. We consider a map which exchanges the D-string worldsheet for the F-string one. To do this, we first derive b R on the D-string worldsheet, following [9] .
The D-string superalgebra is generated by supertranslations and D-string charges
Parametrizing the supergroup manifold by
we obtain the pullback vielbeins of the left-invariant supergroup as (4) and
where a hat on L represents a left-invariant pullback vielbein corresponding to D-string generators Σ A . As before, these are superinvariant.
The pullback to the D-string worldsheet of the R⊗R 2-form gauge potential is written, in terms of supercurrents obtained above, as
This is found to be the well-known Wess-Zumino term for D-strings, up to total derivative terms,
which is identical to the r.h.s. of (10).
Now that we know the pullback b R to the D-string worldsheet of the R⊗R gauge potential, we next consider a map which transforms this to the pullback b R to the F-string worldsheet.
We denote the pullback b R to the D-string worldsheet of the R⊗R gauge potential as 'b R on the D-string worldsheet W D ' and the pullback b R to the F-string worldsheet of the R⊗R gauge potential as 'b R on the F-string worldsheet W F ', for simplicity.
To do this, we note the diagram describing this map:
where
are the D-string and Fstring supergroup manifolds, respectively. The * means the pullback.
From the above diagram, one finds that a map:
Thus, we first consider the map which transforms the generators of Fstring superalgebra to those of D-string superalgebra. We find that the F-string superalgebra is mapped to the D-string superalgebra by
where ǫ 2 = 1. This is a part of the SO (2) 
After some algebra, we obtain the following transformations:
where expressions for φ α andφ α are omitted. Performing the above transformations on b R on W D , (17), we obtain b R on W F as (dropping primes)
We now write 2-form b R on W F in a manifestly supersymmetric form. To do this, we note that the left-invariant Maurer-Cartan one-form of the F-string and D-string superalgebra
because of (20). This implies the following relations:
where a hat represent left-invariant vielbeins corresponding to D-string charges. Using the above relations in the supersymmetric form of b R on W D , expressed asB in (16), we obtain the supersymmetric form of b R on W F as
This is identical to (22), up to total derivative terms, as expected. In this way, we have con- (22), as expected.
Interchanging new fermionic generators
We have obtained b R on W F by a map which relates the F-string superalgebra to the D-string superalgebra. Here we consider another course to construct b R on W F . We note [9] that a superalgebra, which is obtained by interchanging Σ α andΣ α in the D-string superalgebra, describes
This implies that interchanging fermionic generators, Σ α andΣ α , corresponds to exchanging the R⊗R gauge potential for the NS⊗NS one. We thus expect that by starting with a superalgebra, which is obtained by interchanging new fermionic generators, Z α andZ α , of the F-string superalgebra (1), one can construct b R on W F . We show below that this is the case.
We now consider a superalgebra which is obtained by interchanging new fermionic generators, Z α andZ α , of the F-string superalgebra (1). The left-invariant pullback vielbeins are obtained as (4), (5) andL
We find that the second-order expression,
is a supersymmetric form of b R on W F , (22), as expected. In this way, we can see that the interchanging Z α andZ α results in exchanging the R⊗R gauge potential for the NS⊗NS one.
1 In fact, the supersymmetric form BNS of bNS on WD is the same expression as (25), as observed in [9] . bNS on WD is the same expression as (22), and is equivalent to the one obtained in [9] , up to total derivative terms. In fact, using a Fierz identity
the last term in (22) is rewritten, up to total derivative terms, as,
(θγ a dθ) ∧ (θγadθ).
(p, q)-strings
Now that we have obtained the R⊗R gauge potential b R on W F , we construct the (p, q)-string action using the obtained expressions for b N S and b R on W F , and show the κ-invariance of the action.
To do this, we first consider the spacetime scale-invariant formulation of IIB F-string action [6] ,
where g ij is the induced worldsheet metric and g = detg ij . Φ is the Hodge dual of the superinvariant modified 2-form field strength F = dA − b N S . v is an independent worldsheet density.
This action is equivalent to the 'Born-Infeld'-type action,
since the cross terms between g ij and F ij in the expansion of the determinant cancel [6] . The κ-symmetry of the action (29) is described as follows. We consider a variation of the form
where we employed a compact notation θ I = θ θ . The indices I, J are frequently omitted from now on. Using the fact g ij = L i a L j b η ab , the variation of g is obtained as
where γ i = g ij L j a γ a and L i a is defined in (4). In turn, the variation of F = dA − b N S is defined as follows. The variation δb N S can be calculated using expression (10) for the pullback to the F-string worldsheet of the NS⊗NS gauge potential. From the resulting expression of δb N S , the variations δdA and δF are defined as the total divergence part and the rest, respectively. The variation δA is determined from δdA. We obtain the variations δΦ and δA i as
where Ξ is defied by Ξ = 1 2 ǫ ij γ ij and satisfies the relations: ǫ ij γ j = γ i Ξ and Ξ 2 = −g. Demanding the variation δθ I to be
where κ I = κ κ are a row vector of two Majorana-Weyl spacetime spinor parameters with the same chirality, we obtain the variation
Thus, the action is invariant if the variation δv is defined as
In this way, the κ-invariance of the F-string action with NS⊗NS gauge potential was shown.
We next consider the κ-invariance of the F-string action with b R , as well as b N S . We start with the action
whereΦ = ǫ ijF ij andF = dÂ − b R . Now the variations δF and δÂ are determined by δb R . Using the expression (22) ofb, we obtain these variations as
We find that demanding the variation δθ to be
the action (38) is invariant if the variation δv is defined as (37).
We now consider the (p, q)-string action. In order to make the story Sl(2; Z)-invariant, we introduce background scalars which belong to the coset Sl(2; Z)/SO(2) or, equivalently, SU (1, 1)/U (1). The SU (1, 1) acts from the left and the U (1) from the right. These scalars are represented by a complex SU (1, 1) doublet U r (r = 1, 2). Using these doublet, the SU (1, 1)-invariant complex scalar density is defined by
whereΨ and Ψ form an Sl(2; Z)-doublet. Eliminating an unphysical field by using local U (1) gauge symmetry, i.e. in the unitary gauge, this is rewritten as 2
where e iϑ = (τ − i)/|τ + i| and τ = χ + ie −φ . TheΨ and Ψ are linear combinations ofΦ and Φ with coefficients written in terms of χ and φ. These coefficients can be determined by requiring that Ψ I should not include χ and φ explicitly, and thatΨ and Ψ should beΦ and Φ, respectively, when χ and φ are set to vanish. As a result, we find thatΨ and Ψ are expressed aŝ
2 As in [13] , (42) where ℜ(ρ) and ℑ(ρ) denote the real and imaginary parts of ρ, respectively. These imply that the SU (1, 1)-invariant complex density (43) is simply
It follows from this fact that (38) can be regarded as the Sl(2; Z)-invariant (p, q)-string action.
The left action of Sl(2; Z):
causes the SO(2)-transformation:
. This is compensated with the right action of SO (2), or equivalently with the right action of U (1) on Ψ I. The Ψ I is thus invariant under
Sl(2; Z).
The Sl(2, Z)-covariant action is constructed by using Ψ I as
which is the (p, q)-string action considered before [7, 8] . This is rewritten in terms ofΦ and Φ as (38) which is κ-invariant as we have seen there. The κ-variations of Sl(2; Z)-doublet,Ψ and Ψ, are obtained, using (44) and (45), as
The variation δΨ I is found to be
which turns out to be those considered in [8] (i.e. the IIB superspace constraint [12] ), or those obtained in [11] if we set χ = 0.
Using these variations, one finds that the action (49) is invariant under the κ-symmetry transformations (32), (50), (51) and
Since the equation of motion of v is g + ΨΨ = 0, the induced metric is non-degenerate for non-zero Ψ. Eqn. (54) is rewritten as
One finds that Γ 2 = 1 due to the equation of motion for v, and trΓ = 0. Then, the matrix 1 2 (1 + Γ) is a projector. This projection halves the maximum dimension.
(p, q)-string Superalgebra
We now consider the (p, q)-string superalgebra which corresponds to the (p, q)-strings. Let us start with a superalgebra:
which is shown to be the (p, q)-string superalgebra, below. Using the left-invariant vielbeins on the corresponding group manifold, we find the supersymmetric forms of the Sl(2; Z)-doublet,B
and B, are constructed aŝ
These turn out to beb we consider the corresponding Sl(2; Z)-invariant (p, q)-string superalgebra. This is obtained by setting χ = φ = 0 in the Sl(2; Z)-covariant (p, q)-string superalgebra. The obtained algebra is the IIB superalgebra [9] which is the T-dual to the IIA superalgebra in presence of F-string, D0
and D2-branes. The IIB superalgebra thus corresponds to Sl(2; Z)-invariant (p, q)-string action (38).
In order to manifest the Sl(2; Z)-covariance, (60) is replaced with
One finds that in the unitary gauge: U 1 = −ie φ/2 e −iϑ , U 2 = ie φ/2 e −iϑτ , which can be read off from (43), (60) is reproduced. R-symmetry of the superalgebra is realized as the right action of SO (2) . In fact, the superalgebra is found to be invariant (with a trivial scaling of generators Σ A and Z A ) under R-symmetry transformation: Q α → RQ α , Σ α → RΣ α and Z α → RZ α , where R ∈ SO(2), associated with the right action of SO(2). In the case that χ = φ = 0, the SO (2) gauge transformation causes a rotation of Σ A and Z A . Thus, interchanging Σ A and Z A is a part of R-symmetry. This is similar to the case encountered in the map (19).
Summary and Discussions
We obtained the pullback to the F-string worldsheet of the R⊗R gauge potential b R by considering a map, which transforms the F-string superalgebra to the D-string superalgebra, or starting from a superalgebra, which is obtained by interchanging Z α andZ α in the F-string superalgebra. Using the obtained expression for b R on W F , we have examined the (p, q)-string action with the NS⊗NS gauge potential b N S and the R⊗R gauge potential b R . The corresponding Sl(2, Z)-covariant (p, q)-string superalgebra is obtained. The Sl(2; Z)-invariant (p, q)-string superalgebra is found to be the IIB superalgebra found in [9] , which is related to IIA superalgebra describing F-string, D0 and D2-branes. Thus, the Sl(2; Z)-invariant (p, q)-strings can be constructed from a superalgebra which is a T-dual to IIA superalgebra describing F-string, D0-and D2-branes. This observation will help us to construct D3-branes and (p, q) 5-branes. In particular, the Sl(2; Z)-invariant (p, q)5-branes may be constructed from a superalgebra which is a T-dual to IIA superalgebra describing NS5-brane, D4-and D6-branes. We hope to report on these issues in the near future [10] .
